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Abstract 

The 4-dimensional abstract Kummer variety K 4 with 16 nodes leads to the K3 
surface by resolving the 16 singularities. Here we present a simplicial realization 
of this minimal resolution. Starting with a minimal 16-vertex triangulation of iT 4 
we resolve its 16 isolated singularities - step by step - by simplicial blowups. As a 
result we obtain a 17-vertex triangulation of the standard PL K3 surface. A key 
step is the construction of a triangulated version of the mapping cylinder of the 
Hopf map from the real projective 3-space onto the 2-sphere with the minimum 
number of vertices. Moreover we study simplicial Morse functions and the changes 
of their levels between the critical points. In this way we obtain slicings through 
the K3 surface of various topological types. 

MSC 2000: Primary 57Q15; Secondary 14J28, 14E15, 57Q25, 52B70 
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1 Introduction 

Triangulations of manifolds with few vertices have been a growing subject of 
research during the last years. This is due to new computer facilities which 
allow calculations and even computer experiments with a list of simplices 
on, say, up to 50 vertices or more. Here we are dealing with combinatorial 
d-manifolds which are d- dimensional simplicial complexes such that the link 
of every i-simplex is a triangulated (d — i — l)-dimensional standard PL- 
sphere. For a combinatorial d-pseudo manifold with isolated singularities 
we require that the link of each vertex is a combinatorial (d — l)-manifold, 
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not necessarily a sphere. Not all triangulated pseudo manifolds satisfy this 
property. It turned out that there is a triangulated 5-sphere with only 20 
vertices which is not combinatorial, see [3]. This example is not even a 
combinatorial pseudo manifold. 

The Problem of finding a combinatorial version of an abstract <i-pseudo 
manifold is not trivial. Especially, if some additional properties such as 
vertex minimality is required. It is well known that there are the follow- 
ing operations in the class of combinatorial manifolds in order to solve this 
problem: Products and connected sums. The products require a simplicial 
subdivision of prisms but that is available. In algebraic geometry there is a 
third operation on a certain type of pseudo manifolds, namely, the resolu- 
tion of singularities. A fourth operation would be a combinatorial version 
of Dehn twists. If these could be applied to simply connected combinatorial 
4-manifolds we could make progress towards a solution of some interesting 
problems: 

Problem 1. Find a pair of orientable PL d-manifolds (Mi, M 2 ) such that 

(i) Mi and M 2 are not homeomorphic, 

(ii) there are combinatorial triangulations of Mi and M 2 with n vertices but 

not with n — 1 vertices, 

(iii) the f -vector of such an n-vertex triangulation is unique for both Mi and 
M 2 . 

The entries of the f -vector are defined as the numbers fi of i-dimensional 
simplices of the triangulation. 

Problem 2. Find two concrete combinatorial triangulations of a 4-manifold 
such that the underlying PL manifolds are homeomorphic but not PL homeo- 
morphic. It is known that some compact topological 4-manifolds admit exotic 
PL structures. Furthermore any combinatorial triangulation induces a unique 
PL structure and thus a unique smooth structure. 

Concerning Problem [1] there are pairs of non-orientable and orientable sur- 
faces with the same minimum number of vertices, e.g., the two surfaces with 
X = —10 admit triangulations with the /-vector (12,66,44) but no smaller 
triangulations. Moreover, the existence of pairs of non-homeomorphic lens 
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spaces with the same minimum number of vertices is known due to Brehm 
and Swiatkowski However, so far no such pair of concrete combinatorial 
manifolds was constructed. Concerning Problem [2] it is well known that in a 
topological classification of simply connected 4-manifolds the relevant pieces 
are CP 2 (with two orientations), S 2 x S 2 and the K3 surface (with two ori- 
entations). However, for topological 4-manifolds it can happen that there 
are possibly many distinct PL-structures. There is a method to construct 
exotic PL-structures on 4-manifolds using Akbulut corks: Akbulut and Ya- 
sui investigated bounded submanifolds of a 4-manifold M. These so-called 
corks can be cut out and glued back into the original manifold, thus chang- 
ing the PL-type of M (see pQ and [2]). However, applying Akbulut corks to 
combinatorial manifolds requires more experiments. For CP 2 and S* 2 x S* 2 
we have standard triangulations. For the K3 surface we have one optimal 
triangulation with the minimum number of 16 vertices [5] but so far the PL 
type has not finally been identified. Presumably it is the standard structure 
of the classical K3 surface. 

In this article we describe a purely combinatorial version of resolving 
ordinary nodes or double points in real dimension 4. In particular we describe 
this procedure for the K3 surface as a resolution of the Kummer variety 
with 16 nodes. "Purely combinatorial" here means that we are dealing with 
simplicial complexes (or subdivisions of such) with a relatively small number 
of vertices such that topological properties or modifications can be recognized 
or carried out by an efficient computer algorithm. The construction itself is 
fairly general. We are going to illustrate it for the example of the K3 surface 
as a desingularization of what we call a Kummer variety, following [31] . In 
particular we describe a straightforward and "canonical" procedure how a 
concrete triangulation of the K3 surface with a small number of vertices and 
with the classical PL structure can be obtained. As we will see in Chapter 
|6] this procedure also gives some insights to Problem [TJ In principle such a 
procedure seems to be possible in any even dimension. 

For all this, computer algorithms are employed and implemented in the 
GAP-system [11]. Here, a key operation is the concept of bistellar flips 
due to Pachner |29j that establishes PL-homeomorphism on a combinatorial 
level. A GAP program due to Bjorner and Lutz [5] implements a heuristical 
algorithm which reduces the number of vertices of a given combinatorial 
manifold without changing its PL-type. Since this process is not deterministic 
its character is rather experimental and needs a lot of computer calculation. 
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Nonetheless we can use this concept together with some theoretical lower 
bounds to get closer to a solution of 

Problem 3. For any given abstract compact PL d-manifold find the mini- 
mum number n of vertices for a combinatorial triangulation of it, and find 
out which topological invariants are related to this number. 

For pseudo manifolds admitting some combinatorial triangulation we have 
the same problem. 



2 The Kummer variety and the K3 surface 

An abstract ^-dimensional Kummer variety K d = T d / can be interpreted 

J I x~—x r 

as the d- dimensional torus modulo involution [3Tj . It is a rf-dimensional flat 
orbifold in the sense that the neighborhood of any point of K is a quotient 
of Euclidean c/-space by an orthogonal group. Topologically K d can be seen 
as a pseudo manifold with 2 d isolated singularities which are the fixed points 
of the involution. A typical neighborhood of a singularity is a cone over 
a real projective (d — l)-space where the apex represents the singularity. 
Thus, any combinatorial triangulation of K d needs at least 2 d vertices as 
a kind of absolute vertices [8]. In more concrete terms a series of minimal 
triangulations of K d for any d > 3 has been given in [IT] . These combinatorial 
pseudo manifolds are 2- neighborly (i.e., any two vertices are joined by an 
edge) and highly symmetric with a transitive automorphism group of order 
(d + 1)! • 2 d . Moreover they contain a specific combinatorial real projective 
space MP d_1 with 2 d — 1 vertices as each vertex link. This vertex link happens 
to coincide with a 2-fold non-branched quotient of the vertex link of a series 
of combinatorial d-toh with 2 d+1 — 1 vertices [22J which presumably has the 
minimum possible number of vertices among all combinatorial <i-tori. 

In particular we have a minimal 2-neighborly 16-vertex triangulation 
of the 4-dimensional Kummer variety which will be denoted by (K a )iq. 
A few of its properties are the following: The /-vector is given by / = 
(16,120,400,480,192), the Euler characteristic is x(K A ) = 8, and the inte- 
gral homology groups are 

H,(K A ) = (Z,0,Z 6 ©(Z 2 ) 5 ,0,Z). (2.1) 

Its intersection form is even of rank 6 and signature 0. We use an integer 
vertex labeling ranging from 1 to 16. The automorphism group of order 
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5! • 2 4 = 1920 is generated by two permutations as follows 



( (1,7,12)(2,8,H)(3,10,16)(4,9,15), 

(1, 9, 10, 14, 16, 8, 7, 3)(2, 13, 12, 6, 15, 4, 5, 11) ). 

The complex coincides with the orbit (1, 2, 4, 8, 16)192 (cf. [17] where the 
labeling is chosen as 0, 1, 2, ... , 15 instead of 1, 2, 3, ... , 16). 

The K3 surface, on the other hand, is a prime (i.e., indecomposable by 
non-trivial connected sums, see [5]) compact oriented connected and sim- 
ply connected 4-manifold, admitting a unique smooth or PL-structure. By 
Freedman's theorem [9] it is, up to homeomorphism, uniquely determined by 
its intersection form. The Euler characteristic is ^(if3) = 24, the integral 
homology groups are 



H*(K3) = (Z,0,Z 2i ,0,Z 



(2.2) 



and the intersection form is even of rank 22 and signature 16. In a suitable 
basis it is represented by the unimodular matrix 



where E 8 is given by 
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(2.4) 



This makes the K3 surface distinguished from the topological point of view. 
Also from the combinatorial point of view this 4-manifold is fairly special 
since the data n = 16, x — 24 coincides with the case of equality in the 
generalized Heawood inequality 



n — 4 
3 



> 10(x(M) 



(2.5) 
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which holds for any combinatorial n-vertex triangulation of any compact 4- 
manifold M, see [2U1 4B]. Inequality ( 12. 5 p is also a partial solution to 
Problem [3] in the introduction. Equality can occur only for 3-neighborly tri- 
angulations, i. e. for which any triple of vertices determines a triangle of 
the triangulation. Consequently, the /-vector has to start with (n, (™), uj) 
in this case. In other words: Any combinatorial triangulation of the K3 
surface has at least 16 vertices (the same number as required for the Rum- 
mer variety K 4 ), and one with precisely 16 vertices must necessarily be 3- 
neighborly (or super-neighborly). Such a 3-neighborly, vertex minimal 16- 
vertex triangulation of a PL manifold homeomorphic with the K3 surface 
(K3)iq was found by Casella and the second author in [S]. The /-vector is 
/ = (16, 120, 560, 720, 288), observe the 3-neighborliness f 2 = 560 = (^). Its 
automorphism group is isomorphic to the affine linear group AGL(1, 16) and 
is generated by two permutations as follows: 

( (1,3, 8, 4, 9, 16, 15, 2, 14, 12, 6, 7, 13, 5, 10), 

(1, 11, 16)(2, 10, 14) (3, 12, 13) (4, 9, 15)(5, 7, 8) ) 

This group of order 16 • 15 = 240 acts 2-transitively on the set of vertices 
(1, . . . , 16) of (K3)iq. The triangulation (K3)iq itself is defined as the union of 
the orbits (1, 2, 3, 8, 12) 2 4o and (1, 2, 5, 8, 14) 48 under this permutation group, 
see [5] where the labeling is chosen as 0, 1, 2, ... , 15 instead of 1, 2, 3, ... , 16. 

3 The Hopf cr-process 

By the Hopf a-process we mean the blowing up process of a point and, si- 
multaneously, the resolution of nodes or ordinary double points of a complex 
algebraic variety. This was described by H. Hopf in [16J, compare [T3] and 
[15] . From the topological point of view the process consists of cutting out 
some subspace and gluing in some other subspace. In complex algebraic ge- 
ometry one point is replaced by the projective line CP 1 = S* 2 of all complex 
lines through that point. This is often called blowing up of the point. In 
general the process can be applied to non-singular 4-manifolds and yields a 
transformation of a manifold M to M^(+CP 2 ) or M#(— CP 2 ), depending 
on the choice of an orientation. The same construction is possible for nodes or 
ordinary double points (a special type of singularities), and also the ambigu- 
ity of the orientation is the same for the blowup process of a node. Similarly 
it has been used in arbitrary even dimension by Spanier [3T] as a so-called 
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dilatation process. In the particular case of the 4-dimensional Kummer vari- 
ety with 16 nodes a result of Hironaka [2] states that the singularities of a 
4-dimensional Kummer variety K 4 can be resolved into a smooth manifold, 
birationally equivalent to K 4 . It is also well known that the minimal reso- 
lution of the 4-dimensional Kummer variety is a K3 surface. This raises the 
question whether it is possible to carry out the Hopf cx-process in the purely 
combinatorial category. In this case one would have to cut out a certain 
neighborhood A of each of the singularities and to glue in an appropriate 
simplicial complex B. 

The spaces A, which have to be cut out are the following: The Kummer 
variety K 4 is the quotient of a 4-dimensional torus T 4 = M. 4 /z4 by the central 
involution a : x > —x with precisely 16 fixed points x^, 1 < i < 16. Let 
Xi be a suitable neighborhood of x$, then a acts on X = T 4 \|jXj without 
fixed points. The involution a acts as the antipodal map on each connected 
component of dX. Therefore the quotient of dXi is a projective space KLP 3 of 
dimension 3 for each 1 < i < 16, and the quotient of Xi itself is a cone over it 
which we denote by Aj. Thus the quotient X = X/ a is a manifold having 16 
disjoint copies of MP 3 as its boundary, and the quotient K 4 = T 4 / a contains 
the disjoint subsets A\, ... , A w as neighborhoods of the 16 singularities. 

The spaces Bi which have to be glued in are the following: The Hopf 
map h : S 3 — >■ CP 1 induces a map h : RP 3 — > CP 1 since the Hopf map 
identifies antipodal pairs of points. We consider the cylinder C = MP 3 x [0, 1] 
with the identification along the bottom of the cylinder by an equivalence 
relation ~ defined by (x, 0) ~ (h(x), 0). The quotient C = C / ^ is a manifold 
with boundary MP 3 . If we identify the boundary of X with the union of 
the boundaries of 16 copies Bi, . . . ,B\ 6 of C we get a closed manifold S. 
Alternatively each Bi can be seen as a copy of (CP 2 \ P 4 )/<j where the 
involution a : CP 2 — > CP 2 is defined by a[z ,z 1 ,z 2 ] = [—20,^1,^2] with a 
fixed point set consisting of the point [1,0,0] at the centre of the Ball B 4 and 
the polar projective line zq = 0. Spanier [31] proved that 5* is in fact a K3 
surface. Our main result is a simplicial realization of this construction. In 
principle one can expect that such a combinatorial construction is possible 
but there are a number of technical difficulties to overcome. One of the 
problems is to make the procedure efficient and to keep the number of vertices 
sufficiently small at each intermediate step. 
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4 From K A to K3: Combinatorial resolution of the 16 
singularities 

Our goal is to construct a simplicial version of the K3 surface out of (K 4 )iq by 
a combinatorial version of Spanier's dilatation process. More precisely we find 
a way to cut out a certain simplicial version of and to glue in a simplicial 
version of Bi. We prefer a description of B { as the mapping cylinder of the 
Hopf map h, defined on KLP 3 = dB 4 /^. In the combinatorial setting this is 
possible if the corresponding boundaries are combinatorially isomorphic, i. 
e. if they are equal up to a relabeling of the vertices. However, in general the 
boundaries are PL-homeomorphic but not combinatorially isomorphic. This 
is the main difficulty here. Therefore we need an efficient procedure to change 
the combinatorial type while preserving the PL-homeomorphism type of the 
manifold. One possibility of such a procedure is the well established concept 
of bistellar moves. Therefore we start with a short review on bistellar moves. 

Definition 4.1. (Pachner's bistellar moves, see [29J) 

Let M be a ci-dimensional simplicial complex, and let A be a (d — z)-face of 
M, where < i < d. If lk^(v4) is the boundary complex dB of an z-simplex 
B that is not a face of M, the operation $^ on M defined by 



is called a bistellar i-move or bistellar i-flip. Similarly we have the reverse 
bistellar i-flip which can also be interpreted as a (d — i)-ffip. 



For d — 3 all flips and reverse flips are shown in Fig. 14.11 Two simplicial 
complexes K and L are called combinatorially isomorphic or just isomorphic, 
if they are equal up to a relabeling of the vertices. K and L are called 
bistellarly equivalent, if there exists a sequence of bistellar flips from K to a 



$ A (M) := (M\(A * dB)) U (dA * B) 



(4.1) 




Figure 4.1: 3-dimensional bistellar moves 
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complex K' such that K' is isomorphic to L. This concept of bistellar flips 
has been a useful tool in several ways: 

1. By a theorem of Pachner [29J two combinatorial manifolds are PL home- 
omorphic if and only if the triangulations are bistellarly equivalent. 

2. From a practical point of view bistellar moves allow a reduction of 
the number of vertices of a given triangulation without changing its 
PL homeomorphism type. Many examples have been investigated and 
many small triangulations of 3- and 4-manifolds have been found using 
this technique, see [24J or [27J. 

3. It is possible to decide whether two given complexes are PL homeo- 
morphic by finding a connecting sequence of bistellar flips. This has 
been successful in many cases even if it cannot be excluded that the 
algorithm does not terminate. 

4. In particular it is possible to decide whether a given simplicial complex 
is a combinatorial manifold: One just has to examine the PL homeo- 
morphism types of all links. 

5. These algorithms are implemented in a GAP-Program, see [26] . 

A triangulated mapping cylinder of the Hopf map h : MP 3 — > CP 1 
with the minimum number of vertices 

From the topology of the complex projective plane it is fairly clear that one 
can construct a triangulation of CP 2 from a triangulated version of the Hopf 
map h : S 3 — > S 2 . Conversely, every triangulation of CP 2 contains implicitly 
a triangulation of the Hopf map (possibly with collapsing of certain simplices) 
by considering a neighborhood of a triangulated CP 1 inside the triangulation. 

Theorem 4.2 (Madahar and Sarkaria [28]). There is a simplicial version of 
the Hopf map h : S 3 — > S 2 with the minimum number of 12 vertices for S 3 
which are mapped in triplets onto the A-vertex S 2 . From this simplicial Hopf 
map one can reconstruct the unique 9-vertex triangulation of CP 2 which was 
known before, see [20] . 

Roughly the procedure for the construction of a triangulated CP 2 is the 
following: 
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1. Find a simplicial subdivision of the mapping cylinder of the Hopf map 
which is a triangulated CP 2 minus an open 4-ball. 

2. Close it up on top by a suitable simplicial 4-ball. 

3. Finally reduce the number of vertices by bistellar flips as far as possible. 

For our purpose here we can follow an analogous procedure: 

1. Find a simplicial version of the Hopf map h : MP 3 — > S 2 . 

2. Find a simplicial subdivision of the mapping cylinder C which is noth- 
ing but a triangulated complex projective plane with one hole modulo 
the involution a. There is one boundary component which is homeo- 
morphic to KLP 3 . 

3. Finally reduce the number of vertices by bistellar flips as far as possible. 
It is well known that any combinatorial triangulation of MP 3 has at 
least 11 vertices [31]. Therefore 11 is the minimum also for the space 
we are looking for. 

Theorem 4.3. There is an 11-vertex triangulation of the mapping cylinder 
of the Hopf map h : MP 3 — > S 2 such that all vertices and edges are contained 
in the boundary. This is the minimum possible number of vertices since it is 
the minimum already for the boundary. 

Proof. On the boundary of CP 2 \ B 4 the involution a coincides with a and 
leads to a twofold quotient map S 3 — > MP 3 . From this it is clear that a 
triangulated version of the Hopf map from KLP 3 onto S 2 requires a simplicial 
Hopf map h : S 3 — >■ S 2 which is centrally symmetric on S 3 , i.e., which is 
invariant under a . Therefore we need to construct a centrally symmetric 
triangulation of S 3 first. This should allow a simplicial fibration by Hopf 
fibres. 

For the construction we start with two regular hexagons (2-polytopes) 
Pi, P 2 in the plane and take the product polytope [351 P-10] P := Pi x P 2 . The 
vertices will be denoted by where i,j are ranging from 1 to 6. The facets 
of P are 6 + 6 hexagonal prisms where one of them has vertices an, . . . , a%e 
on top and a 2 i,...,a 26 on bottom. The subcomplex dPi x <9P 2 C dP is 
the standard (6 x 6)-grid torus as a subcomplex decomposing OP into two 
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solid tori, one on each side of the torus. One of the squares has vertices 
an, ai2, ^21, o 2 2, see Figure H~3l where the labeling is simply ij instead of a^. 
For a simplicial version we need to subdivide the prisms. In a first step we 
subdivide each square in the torus by the main diagonal, as indicated in 
Figure 14.31 Next we introduce one extra vertex b{ at the centre of the six 
prisms on one side and q at the centre of the six prisms on the other side, 
i = 1, . . . , 6. That is to say, b\, . . . , b 6 represent the core of one solid torus 
and c\, . . . , cq the core of the other. Furthermore we introduce the pyramids 
from each bi and q to the 12 triangles of each corresponding prism. Finally 
the remaining holes are closed by copies of the join of the edge between two 
adjacent centre vertices and the edge of a hexagon. Typical tetrahedra of 
this type are {bib 2 ana 12 ) and (cic 2 ana 2 i). This procedure is carried out for 
each of the two solid tori, see Figure 14.21 

Thus, we get a centrally symmetric triangulation S^ s of the 3-sphere with 
48 vertices, with 2 • (6 ■ (12 + 6)) = 216 tetrahedra and with an automorphism 
group G of order 144. 

On this triangulation of S 3 we define the simplicial Hopf map h cs : S 3 S — > 
S 2 by the following identifications: 
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The image is a simplicial 2-sphere with 8 vertices, namely, a double pyra- 
mid from b and c over the hexagon ai, a 2 , a 3 , a 4 , a 5 , a 6 . Note that the antipo- 
dal map 

o : Oij a i+3ii+ 3, bi ^ fe l+3 , q c i+3 

(all indices taken modulo 6) is compatible with the simplicial Hopf map. By 
construction the quotient P = S^, s / a is a 24-vertex triangulation of RP 3 . 
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The automorphism group is a normal subgroup of G of index 2. It follows 
that this triangulated RP 3 again allows a simplicial version of the Hopf map 
h : P -» S 2 . 

The image of the torus in Fi gure I4T21 under h forms the hexagon (a\, 02, a.3, 0,4, 05, a^), 
and each of the solid tori on each side gets mapped to a cone over it. A suit- 
able simplicial decomposition C of the cylinder P x [0, 1] is compatible with 
the projection map 

h x {0} : P x {0} S 2 x {0} 
(x,0) 1 — y (h(x),0) 

on the bottom of C and leads to a triangulated mapping cylinder Cj ^. Its 
boundary is PL homeomorphic to the link of any vertex of (i^ 4 )i6- 

For the purpose of a better handling of the blowup process we computed 
a reduced version of C =pl C/~ by bistellar flips. In this reduced version the 
boundary is isomorphic to a vertex minimal triangulation of RP 3 with the 
/-vector (11, 51, 80, 40). Moreover, the boundary dC is bistellarly equivalent 
to lk(^4) 16 (t>) for any vertex v which will be needed for the construction of 
a triangulated K3 surface. On 11 vertices 1,2, . . . , 11 this complex is the 
following: 

C = <(1, 3, 5, 6, 11), (2, 3, 5, 6, 11), (2, 4, 5, 6, 11), (2, 3, 6, 9, 11), (3, 6, 7, 9, 11), 
(1, 3, 6, 7, 11), (6, 7, 8, 10, 11), (1, 6, 7, 10, 11), (4, 6, 8, 9, 11), (6, 7, 8, 9, 11), 
(2, 4, 6, 9, 11), (1, 2, 3, 5, 8), (1, 2, 3, 5, 11), (1, 5, 7, 8, 9), (1, 2, 5, 7, 8), 
(1,4, 5, 9, 11), (4, 5, 7, 9, 11), (1,4, 5, 7, 9), (1,2,4, 5, 11), (1,2, 4,5, 7), 
(3, 4, 7, 8, 11), (1, 3, 4, 7, 8), (1, 2, 3, 8, 11), (1, 3, 7, 8, 11), (1, 2, 8, 10, 11), 
(1, 7, 8, 10, 11), (1, 2, 7, 8, 10), (4, 7, 8, 9, 11), (1, 4, 7, 8, 9), (1, 2, 4, 9, 11)) 

It has the /-vector (11,51,107,95,30), and its boundary dC contains the 
complete 1-skeleton of C. In particular, C is vertex minimal since the bound- 
ary MP 3 requires already at least 11 vertices for any simplicial triangulation 
[31]. □ 

Remark 4.4. By starting with the product polytope of two 3/c-gons containing 
a 3k x 3fc-grid torus one can similarly obtain a simplicial version of the Hopf 
map from the lens space L(k, 1) to S 2 . Furthermore the same procedure as 
above can be carried out for the corresponding mapping cylinder. 
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Simplicial blowups 



A PL version of the Hopf a-process from Section [2] is the following: We 
cut out the star of one of the singular vertices which is nothing but a cone 
over a triangulated MP 3 . This corresponds to the space Ai above. The 
boundary of the resulting space is this triangulated MP 3 and is therefore PL 
homeomorphic with the boundary of the triangulated mapping cylinder C 
from Section [3] which corresponds to the space Pj. Then we cut out Ai and 
glue in Pj by an appropriate PL homeomorphism, as indicated in Section |2j 

For a combinatorial version with concrete triangulations, however, we face 
the problem that these two triangulations are not isomorphic. This implies 
that before cutting out and gluing in we have to modify the triangulations by 
bistellar flips until they coincide. This computation is provided by the GAP- 
program BISTELLAR which is available from [26]. For more information 
about GAP, see [TTj . 

Definition 4.5. (Resolution of singularities in PL topology) 
Let v be a singular vertex of a PL 4-pseudo manifold M with a compact 
neighborhood A of the type "cone over an MP 3 " and let : OA — > dC be 
a PL-homeomorphism. A PL resolution of the singularity v is given by the 
following construction 



We will refer to this operation PL blowup of v. 

Definition 4.6. (Simplicial resolution of singularities) 
Let v be a vertex of a 4-pseudo manifold M whose link is isomorphic with 
the particular 11-vertex triangulation of MP 3 which is given by the boundary 
complex of the triangulated C above. Let ip : lk(t>) — >■ dC denote such an 
isomorphism. A simplicial resolution of the singularity v is given by the 
following construction 



We will refer to this operation as a simplicial blowup or just a blowup of v. 

Since in either case both parts are glued together along their PL-homeomorphic 
boundaries, the resulting complex is closed, and the construction of M is well 



M h-> \I : (M\A°) U C. 



(4.2) 



M ^ M := (M \ star(i>)°) C. 



(4.3) 
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defined. M is a closed pseudo manifold and the number of singular points 
in M is the number of singular points in M minus one. In particular we can 
apply this to M — (K 4 )iq and then repeat the procedure for the resulting 
spaces until the last singularity disappears. We can now prove the following 
main result: 

Theorem 4.7. There is a YJ-vertex triangulation of the K3 surface (K3)n 
with the standard PL structure which can be constructed from (K 4 )iq by a 
sequence of bistellar flips and, in between, by 16 simplicial blowups. 

The proof of the theorem is constructive and will be given in the form of 
an algorithm. From the construction it is clear that the resulting PL manifold 
is PL homeomorphic with the classical K3 surface, not only homeomorphic. 

Let Ki, < % < 16 be the 4-dimensional Kummer variety after the 
i-th blowup. Since we have to modify its combinatorial type repeatedly 
our notation will not distinguish here between two different complexes after 
bistellar flips. Furthermore, let C be the bounded complex from Section H] 
and Qi the intersection form of K{. 

We start with a singular vertex v G Ki. In general, its link is not iso- 
morphic to dC. Thus, we have to modify f^\star(t>) in a suitable way to 
yield a complex which allows a simplicial blowup with the space C. This is 
accomplished by modifying d(Ki\ star(t> )) = lk(t>) with respect to the com- 
binatorial structure of the complex. Even though in general we cannot claim 
that this must be possible in any case, in this particular case we were able 
to find fairly short sequences of bistellar moves realizing this modification at 
any of the 16 steps. The sequences were found using the approach from [26J. 

Once d(Ki\stax(v)) is isomorphic to dC we can perform the simplicial 
blowup and gain K i+ i as indicated above. Note, that in each step we can 
perform the blowup in two significantly different ways coresponding to the 
choice of orientation of C. For the verification of the choice of the right orien- 
tation we compute the intersection form Qi+i and check that | sign(Qi+i)| = 
| sign(Q i ) + 1| holds (note, that Q(K 4 ) = and Q(K3) = ±16). 

Due to the various modifications above, the resulting complex Ki + % will 
be considerably bigger than Ki. Thus, we use bistellar flips to reduce it 
before repeating the same operation for the remaining singularities. In every 
step the signature of the intersection form and the second Betti number will 
increase by one and the number of singularities will decrease by one. Also, 
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the torsion part of H 2 (K A ) will gradually decline. This, however, depends 
on the order of the blowing up process of the singularities. It follows that 
the resulting complex is a triangulation of the K3 surface with the right 
intersection form and with the standard PL structure. The algorithm is 
written in GAP [TTJ. For the computation of the intersection form we use 
polymake [T2] . 

The smallest complex (with respect to the /-vector) we were able to 
obtain by bistellar moves is a 17-vertex version of the i^3-surface which will 
be denoted by (K3)n. Its facets as well as some basic properties are listed 
in Table HJ 

Further data as well as all 16 steps of the dilatation process are available 
from the webpage of the first author, given at the end of this article. The 
source code itself is available upon request. 

So far we were not able to prove PL-equivalence to (K3)iq. However, 
since the given complex only has 17 vertices this is most likely to be true, 
and further experiments will probably prove the following conjecture. 

Conjecture 4.8. (K3)n is PL homeomorphic to (K3)\q. 

Remark 4.9. If Conjecture 14.81 is false this would imply that (K3)i 6 is exotic. 
In this case, to our knowledge, (K3)iq would be the first explicit triangulation 
with few vertices of a non-standard combinatorial 4-manifold. 

5 Critical Point Theory and Slicings 

The Morse theory for smooth functions defined on smooth manifolds is an 
important tool in topology. Similarly, the PL-structure of a <i-dimensional 
combinatorial (pseudo-) manifold M can be examined using an analogous 
concept of critical points of functions, defined on a triangulation of a manifold 
M, compare [18] , [20] . In this section we describe a few computer experiments 
on triangulations of the K3 surface and the Kummer variety. As a result we 
obtain a picture of slices through these spaces by levels of perfect Morse 
functions in a PL version. 

Definition 5.1. Let M d be a combinatorial manifold. A function / : M — > M 
is called regular simplexwise linear (rsl) if f(v) ^ f{w) for any two vertices 
w 7^ v and if / is linear when restricted to an arbitrary simplex of the 
triangulation. 
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(K3) l7 = 



(1 z o o lo) , 


/I O Q Q 1 A \ 

\ 1 Z o o 14 ; , 


/I o o io iq\ 
(Izolzlo), 


(123 12 15), 


\l 2 5 9 4 17^' 


/! n t 


/Joe Ir^i t\ 


/ J o t o^t Jf ^ ' 


(1 2 5 6 9), 


{1 2 5 6 14) , 




(1 2 5 14 15), 


(12 5 15 17) , 


(1 2 6 8 14), 


{ 1 2 6 8 15), 


/ 1 1 C\ 1 R\ 

(Izba ID), 


; '\ 
(1261517), 


/ 1 O £Z 1 £Z 1 7\ 

(1 zO 10 1(), 


(1^ (oil;, 


(1 2 78 15), 


/ 1 1711 10\ 

\ 1 Z ( 11 lo ) , 


/ 1 O C 1 A 1 1 \ 

( 1 Z o IU 11;, 


/1 O Q i n 1 Q \ 
(1J B ID la}, 


/ 1 o n 1 i 7\ 
( 1 z y 10 1 ( ) , 


/i i in 1 1 T5\ 

( X Z 1U 11 XO ) , 


/1 o n iQ 1 c;\ 
^ x z iz xo 10;. 






/I ? ii fi 1 n\ 
\lo40 IU/, 


(134612), 




/1 Q/i oin\ 
\± o4y iu;, 


;i O/i io 17\ 
\Xo4XZ X / ) , 


{1 3 5 7 11)' 




\ioooio;, 


/1 ^^11 IfiN 
\ x o o x x xo; , 


\ X O O 14 lO/j 


/1 q =; i e; i 7\ 

\ X OO XO X / ; , 


/1 qfi m 19\ 

\ X O O XU XZ; , 


(13 7 8 11) 


(13 7 8 14) 


(1 38 9 12) 


/1 q a 1 1 1 fi\ 
\x oo xx xo;, 


\ x o o xz xo ) , 


;i q q i n i *>\ 
\ x o y xu izy, 


/1 i n IK 17\ 
llal^ loin, 


(1 458 16), 


\ x 4 o xx x o ; , 




(14 6 7 12) 


{14 6 7 15) 


/l A fi 1 n 1 ^\ 
iu io/, 


/l A719iq\ 
\X4 ( xz xo;, 


/ 1 /i sqk;\ 
^ x 4 o y id;, 


/i /i q in 1A\ 
^ x 4 y xo 14; , 


/1 A O 1 A 1fi\ 
\ x 4 y X4 xo; , 


;i a ini/i 1 «\ 

^1 4i XU 14 io;, 


/i /i m k ic\ 

^1 4 111 U IO/, 


/1 /I 11 Ifl 1 7\ 
\ X 4 X X XO 1 1 ) , 


/1 /i n 1^ 17\ 

\1 4 1Z lo 1 / ) , 


\ 1 4 lo 1 o 10;, 


/1 /I 1 q 1 r 1 7\ 
\14 xo 10 i ' ; , 


;i e r q i q\ 
( 1 O D y lo ; , 


/I £ 1 Q 1 ^\ 


/i K7inio\ 
(i j / iu iz; , 


\i j / iu 141; , 


/I r. 711 1 9 \ 
\ 1 O 1 11 IZy, 


/1 r. n 1 1 iq\ 
\± oy 11 lo;, 


;i cqii i 7\ 
\± oy ii i(;, 




/l t; 1 1 io iq\ 
\1 O XX XZ XO), 


/I ^ 1 9 1 "3 1 zl\ 

\X O 1Z XO X4 ) . 


\ x o ( o X4; , 


/1 Avails 
\ x o ( o xo; , 


/1 fi7ini9\ 

^ x o ( xu xz; , 


/I R 7 1 n 1 fi\ 


/1 fi7 1A 1fi\ 

\xo ( X4xu;, 


/I (!Q11 1 Q \ 

\ x o y xx xo; , 


/1 RQ11 1 ,1 \ 

\ x oy xx 14;, 


\ l y 14 io ) , 


;i c m 1 k 1 (i\ 
\L O IU lo 10;, 


/I fi 1 1 iq i<\ 


/1 fi 1S Ifl 1 7\ 

\ X lo IO 1 / ) , 


/1 T 1 Cl 1 A -\ R\ 
\ 1 / 1U 14 ID). 


/1 7 11 1 1 1 Q\ 

(1 ( 11 Iz lo), 


/ 1 O (1 1 A 1 1 \ 

( 1 o y IU 11;, 


i ' i o n 1 n 1 o\ 
(lot) IU Iz ) , 


/l Q O 1 1 1(H 
\18 9 11 lo/, 


/i q id 1 o i q\ 
(1 o IU Iz lo), 


/i n i c\ 1 i 

\ 1 y 1U 11 14 ) , 


/1 (1 1 1 1^1 7\ 

(1 y 11 10 1 < ) , 


/ 1 1A11 1 Q 1 /I \ 

( 1 IU 11 lo 14; , 


/ 1 in io io 1 /i\ 
^1 IU Iz lo 14;, 


/1 1 1 i a i k ik\ 
^1 12 lo 15 ID/, 


/I 10 1Q1C17\ 

^1 Iz lo 10 1'), 


/l 1 O 1 i t: 1 7\ 
\ 1 Iz lo ID 1 < ) , 


(2 34612), 


lO Q H A 1 £:\ 

\Z o 4 O lo), 




(234716), 


(zo4 1zl4;, 


/O Q Ei ft "I 0\ 


(z O O 10) , 


(2 35 12 16), 


\z o ( 14 10) , 


/O Q Q 1 Q 1 A \ 
\^JO 13 14/, 


/o i n i q\ 

(z o y iu io) , 


\z o y iu 14; , 


/O q n i i 1/lS 
\z oy ii 14;, 


/oqnii 1 c\ 
\ZoyillO), 


lO q Q 1Q 1 Q\ 
\z o y iz io ) , 


o » IZ ID/ , 


/q q in iq 1/1\ 
^Z O XU XO 14), 


/I Q 1 1 1/1 1 £i\ 

(z o 11 14 10; , 


(zolz 14 10; , 


/o A c7i n\ 
\Z 4 o f IU) , 


/O ^ K 7 1 1 \ 

\z4o ( 11) , 


/O /I C « in\ 
\2 4 5 8 10/ , 


(z 40 o lz;, 


/ o .i e 1 1 n\ 
(z4o 11 Izl, 


/I /I fi 1 1 10\ 

(z4Dll Iz), 


/O /CHI fi\ 

^Z 4 11 lo;, 


/OA T O 1 A \ 

\Z 4 ( y 14 ) , 


\24 i y ID/, 


/O /I 7 1 n 1 Q \ 
(z 4 ( IU lo ) , 


\z 4 ( xx xo;, 


^z 4 o xu iz; , 


/o a q i n n\ 
\z 4 y xu io; , 


/o /i o i n 1 /I \ 

IjZ 4 y XU 14), 


/0 /I q i q i c\ 


/o/i inioi/i\ 

^Z 4 XU XZ 14), 


\z o o / iu;, 


\ZOD f 1^/ i 


\z o o o iu;, 


/o c fi O 1 A\ 
\Z O D O 14 ) , 


\zooyio/, 


/9 e 7 1 1 10\ 

\Z o i xx xz;, 


/9 ^ fi 1 O 1 A \ 

^z o o iz 14;, 


\ z o y io io;, 


/O 1 O 1 1 1 7\ 

(zoyiDii/, 


lO C 1 O 1 A 1^\ 
(^ZO IZ 14 IJy. 


/I U/ K 1fi\ 
O IZ 1,} ID), 


/o fi 7 1 n 1 q\ 
\z o ( iu io ; , 


\Z O ( 11 IZy, 


/O fl 7 1 1 iq\ 

\z o ( ii io;, 


\Z o IU 10; , 


/ofiinn iq\ 

\Z O XU XX XO), 


/o fi i n 1 1 i7\ 

\Z0 1U111//, 


/o fi m 1 ^ 1 7\ 
\z IU 10 1 ' ) , 


(2 6 11 16 17). 


(2 7 8 11 15), 


{2 7 9 11 14), 


(2 79 11 15), 


(2 7 11 14 16), 


(2 8 10 11 15), 


(2 8 10 12 14) j 


(2810 13 14), 


{2 9 11 15 17), 


(2 9 11 16 17), 


(29 12 13 16), 


(2913 15 16), 


(2 10 11 15 17). 


(2 12 13 15 16), 


(345817), 


(3468 9), 


(3468 11), 


(346915), 


(346 1015), 


(346 11 13), 


{3 4 6 13 16), 


(3 4 712 14), 


(34712 17), 


(3471316), 


(3471317), 


(348 11 17), 


(3 4 9 10 15), 


(3 4 1113 17), 


(35610 12), 


(3 5 6 1015), 


(356 1315), 


(356 1316), 


{3 5 7 11 15), 


(3 5 7 14 15), 


(35816 17), 


(3 5 9 1015), 


(3 5 9 10 17), 


(3 5 9 15 17), 


{3 5 10 12 16), 


(3 5 10 16 17), 


(35 11 15 16), 


(3 5 13 15 16), 


(3 6 78 9), 


(36 78 15), 


(367915), 


(3 68 11 15), 


(36 11 13 15), 


(378913), 


(378 11 15), 


(3 78 13 14), 


{379 13 17), 


(3 79 15 17), 


(3 7 12 14 15), 


(3 7 12 15 17), 


(3 713 14 16), 


(389 12 13), 


(3 810 1116), 


(3 8 10 11 17), 


(38 10 16 17), 


(39 10 11 14), 


(3910 1116), 


(39 10 12 16), 


(3910 1317), 


(3 10 11 13 14), 


(3 10 11 13 17), 


(3 11 13 14 16), 


(3 11 13 15 16), 


(4 5 78 13), 


{45 7816), 


(4 5 710 13), 


(45711 16), 


(4 5 8 10 15), 


(4 5 8 11 12), 


(4 5 8 11 17), 


(4 5 8 13 15), 


(4 5 9 10 13), 


(45910 15), 


(4 5 9 13 15), 


(467912), 


(4 6 79 15), 


{46 8 9 14), 


(468 11 14), 


(4 6 9 12 14), 


(4 6 11 12 14), 


(4 6 11 13 17), 


(46 11 16 17), 


(46 13 16 17), 


(478 13 16), 


(4 7 9 12 14), 


(4 7 12 13 17), 


(4 8 9 14 16), 


(48 10 11 12), 


(4810 1115), 


(48 11 14 15), 


(4813 1516), 


(4 8 14 15 16), 


(4 10 11 12 15), 


(4 10 12 14 16), 


{4 10 12 15 16), 


(4 11 12 14 15), 


(4 12 14 15 16), 


(5 6 71012), 


(568 1015), 


(5 68 1314), 


{568 13 15), 


(5 6 9 13 16), 


(5789 13), 


(578917), 


(5 78 1617), 


(5 7 9 10 13), 


(5 7 9 10 17), 


(5 710 14 16), 


(5 710 1617), 


(5 7 1115 16), 


(5 7 14 15 16), 


(589 12 13), 


(5 8 9 12 17), 


(5 8 11 12 17), 


(5 8 12 13 14), 


(5 9 11 12 13), 


(5 91112 17), 


(5913 15 16), 


{5 10 12 14 16), 


(5 12 14 15 16), 


(6789 16), 


(6 7 8 14 16), 


(679 12 16), 


(6 7 10 13 17), 


(6 710 16 17), 


(6 7 11 12 13), 


(6712 1317), 


(6 7 12 16 17), 


(6 8 9 14 16), 


(6 8 1113 14), 


(681113 15), 


(69 11 12 13), 


(6 9 11 12 14), 


(6 912 13 16), 


(6 10 1113 17), 


(6 10 15 16 17), 


{6 12 13 16 17), 


(789 12 16), 


(78912 17), 


(7812 1617), 


(7 8 13 14 16), 


(7 910 13 17), 


{7911 1415), 


(7 912 14 15), 


(7 9 12 15 17), 


(7 1114 15 16), 


(8910 1116), 


(891012 16), 


{8 10 11 12 17), 


(8 10 12 13 14), 


(810 12 16 17), 


(8 11 13 14 15), 


(8 1314 15 16), 


(9 11 12 14 15), 


{9 11 12 15 17), 


(10 11 12 15 17), 


(10 12 15 16 17), 


(11 13 14 15 16) 



Table 1: 17- vertex triangulation of the K3 surface (K3)n with the standard 
PL structure. Its /-vector is f(K3) = (17, 135, 610, 780, 312). Note, that the 
complex is not 2-neighborly. 
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A point x G M is said to be critical for an rsl-function / : M — > R if 

H*(M x ,M x \{x},F)^0 

where M x := G M|/(y) < /(x)} and F is a field. 

It follows that no point of M can be critical except possibly for the ver- 
tices. If we fix an rsl-function / and a vertex v of M we can define the 
multiplicity vector m(t>, F) as the following (d + l)-tuple of integers: 

m(v,F) := (dim H (M v ,M v \{v},F), . . . ,dimH d (M v ,M v \{v},F)). 

v is called critical of index % and multiplicity m if dim Hi(M v , M v \{v}, F) = 
m > 0. 

d 

J^dim Hi(M v ,M v \{v},F) 

i=0 

is called total multiplicity of v, 

/H(f,F) :=Y,to*Hi(M v ,M v \{v},F) 

is referred to as the number of critical points of index i in M (where V denotes 
the set of vertices of M) , and 

d 

i=0 

is said to be the number of critical points of M. The multiplicity vector 
together with the number of critical points has to be considered for appro- 
priately encoding the relevant information about the PL-structure of M since, 
in contrast with the smooth case, higher multiplicities cannot be avoided in 
general. 

The classical Morse relation fii(f,F) > bj(M, F) is still true for any 
rsl-function / on M where bj(M, F) = dimifj(M;F) denotes its z-th Betti 
number. Equality refers to the case of a tight or perfect function. If any rsl- 
function has this property we call the triangulation of Ma tight triangulation 
(cf. [20J). In particular does not depend on / in the tight case. For some 
examples of multiplicities on (K3)i 6 see Table |5] below. 
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Definition 5.2. Let M be an orientable combinatorial d-(pseudo-) manifold 
and let / : M — > R be an rsl-function. Then we call the pre- image f~ 1 (x) a 
slicing of M whenever x ^ f(v) for any vertex v G M. 

By construction a slicing is a PL (d — l)-manifold and we have f~ 1 (x) = 
whenever / -1 [/(a;), /(y)] contains no vertex, i.e., if no vertex is mapped 
into the interval [f(x),f(y)]. Note that any partition of the set of vertices 
V = V1UV2 of M already determines a slicing: Just define an rsl-function g 
with g(v) < g(w) for all v G V± and w G V 2 and look at a suitable pre- image. 
For an example of a slicing of a 3-manifold and a 3-pseudo manifold see [201 
Fig.9,Fig.ll]. 

Since every combinatorial (pseudo-) manifold has a finite number of ver- 
tices there exist only a finite number of slicings. Hence, if / is chosen carefully, 
the induced slicings admit a useful visualization of M. 

Combinatorial Morse analysis on (K3)ie 

The 16-vertex triangulation of the K3 surface is a very special object in 
combinatorial topology: 

1. It satisfies equality in the generalized Heawood inequality (12.51) for the 
number n of vertices of a 4-manifold M with Euler characteristic xiM). 

2. It is 3-neighborly or super-neighborly meaning that f 2 = m. See [521 
Thm.5.8] for a characterization of all possible g- vectors of a triangulated 
K3 surface, starting with the minimum (<?o, <?i, #2) = (1, 10,55). 

3. It is the only known triangulation of a 4-manifold admitting an auto- 
morphism group acting 2 -transitively on the set of vertices (besides the 
trivial case of the 6- vertex 4-sphere). 

From the view-point of Morse theory this has the following consequence: 

Proposition 5.3. Any rsl-function f defined on (K3)iq is a perfect function 
in the sense that the total number of critical points is 24. More precisely we 
have /xo(/) — A*4(/) — 1; A*i(/) = faif) — and ^(f) = 22. This holds for 
any choice of a field F. 
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Proof. This follows from the fact that the 16-vertex triangulation of the K3 
surface is a tight triangulation in the sense of [2D] , [23J . The reason is that the 
triangulation is 3-neighborly which implies that there are no critical points 
of index 1: Any subset of vertices spans a connected and simply connected 
subset. The 2-neighborliness implies that every rsl-function has exactly one 
critical point of index 0. The rest follows from the duality fii(f) = Ha-i{— f) 
and the Poincare relation /i — fii + /i 2 — /i 3 + /i 4 = x{K3) = 24. □ 

Corollary 5.4. Any rsl-function f defined on (K3)iq has a critical point of 
index 2 with a multiplicity higher than 2. More precisely 10 possible critical 
vertices have to build up the second Betti number 22. This holds for any 
choice of a field F. 

Moreover, any slicing of an rsl-function on (K3)iq is a connected 3- 
manifold. 

Proof. The first part is obvious from the Morse inequality faif) — b2(M) = 
22 and the fact that by the 3-neighborliness only the middle vertices (i.e., 
all but the three on top and the three on bottom) can be critical of index 
2. For examples of multiplicity vectors see Table |2] below. The second part 
follows from the fact that there is no critical point of index 1. If there were a 
disconnected level it would have to be modified into a connected level later, 
and this procedure requires a critical point of index 1 in between. □ 

It may be interesting to see how the levels of such a function change when 
passing through a critical level. It does not seem to be known from differential 
topology what the possible levels can be for smooth perfect functions on the 
K3 surface. The standard embedding (z , Zi, z 2 , z 3 ) !->■ (2^)1? °f a quartic 
surface in projective 3-space K3 — > CP 3 — > S 14 — > M} 5 induces smooth Morse 
functions by linear projections from 15-space to M. However, in general these 
won't be perfect. It is well known that there is no tight smooth embedding 
or immersion of the K3 surface into any Euclidean space [33J . Not too much 
seems to be known about possible slicings of perfect smooth Morse functions, 
defined on the K3 surface. In the PL case we have the following feature: 

An rsl-function on (K3)\q 

/n : (K3) 16 -+ [0, 1] 

is essentially determined by a fixed ordering on the set of vertices Q := 
{vi, . . . ,Vi 6 } determining the function fa by the condition = fn(vi) < 



20 



••• < fn( v i6) — 1- Any slicing of a 4-manifold consists only of 

tetrahedra and 3- dimensional prisms of type A 2 x [0, 1] (where A 2 denotes 
a triangle), induced by proper sections with the 4-simplices of (K3)iq. In 
many cases the topological type of /n (a) can be identified using standard 
techniques. Some of the slicings can be seen in advance: 

• The 3-torus: Obviously there is a 3-torus as a slicing of the 4-torus. It 
can be arranged that this avoids all the 16 fixed points of the involution. 
Hence we have the same slicing in the Kummer variety and, by the 
purely local resolution procedure, also in the K3 surface. 

• The real projective 3-space: The link of any singular point in K 4 is 
a real projective 3-space. By resolving the singularities we only change 
a neighborhood of these points. Thus, there are slicings in (K3)iq 
separating such a neighborhood. These are homeomorphic with KLP 3 . 

• The Poincare homology sphere E 3 : There is a surgery description 
of the K3 surface showing the Poincare homology sphere as a possible 
slicing (see [30] for details). Even though this does not tell about the 
number of vertices which will be needed it turned out that a certain 
slicing of the 16- vertex triangulation is this manifold S 3 , see below. 

Proposition 5.5. As slicings of (K3)iq we obtain at least the manifolds 

S 3 ,MP 3 ,L(3,1),L(4,1),L(5,1),£ 3 

and a number of other space forms: The 3-torus, the cube space, the octa- 
hedron space, the truncated cube space and the prism space P{3). Here S 3 
denotes the Poincare homology sphere with a fundamental group of order 120. 

Proof. The permutation 

(1, 16) (2, 15) (3, 14) (4, 13)(5, 12) (6, 11)(7, 10)(8, 9) 

on the 16 vertices is an automorphism of (if3)i6, and we have f7 x 16 i(|) — 
T 3 . Hence, we use this slicing as a starting point and analyze all possible 
slicings of (K3)\q around this 3-torus in the middle. 

Since (K3)iq is 3- neighborly all slicings with 3 or less vertices on one side 
are trivial (i. e. the slicing is a 3-sphere). With four vertices on one side 
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we have two possible situations. Either the tetrahedron formed by the four 
vertices is contained in the complex (in this case the slicing is clearly trivial) 
or it is not. In the latter case we have a slicing behind an empty tetrahe- 
dron. This type of slicing is a real projective 3-space. Therefore a simplicial 
decomposition of the set \/q ([0, a])|, ^ < a < ^ is PL-homeomorphic to 
the mapping cylinder C of the Hopf map h in Section HJ Hence, we can find 
topological copies of C in (if3)i6 (which is not surprising). 

Neither the span of {1, . . . , 8} nor the span of {9, . . . , 16} contains a 
4-simplex of (K3)iq. Thus, 5 vertices on one side cannot induce a trivial 
slicing with a sphere but such with a lens space of type L(4, 1), L(3, 1) or 
L(2, 1) = RP 3 . In the case of 6 or 7 vertices we have the cube space, the 
octahedron space or the Poincare homology sphere. 8 vertices on each side 
result in the 3-torus, the only non-spherical 3-manifold in this series. 

For a complete list of the topological types of these slicings see Table |3j 
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/(!,... 


5,7,6,8,9,11,10,12,. ..,16} 


/{2, 


..,7,1,8,9,16,10,. ..,15} 


/{I, 


..,5,7,6,8,9,11,10,12,. ..,16} 


fi(v) 


V 


m(u,F 2 ) 


V 


m(«,F 2 ) 


V 


m(«,F 2 ) 





1 


(1,0,0,0,0) 


2 


(1,0,0,0,0) 


1 


(1,0,0,0,0) 


1 

15 


2 


(0,0,0,0,0) 


3 


(0,0,0,0,0) 


2 


(0,0,0,0,0) 


2 

15 


3 


(0,0,0,0,0) 


4 


(0,0,0,0,0) 


3 


(0,0,0,0,0) 


3 
15 


4 


(0,0,1,0,0) 


5 


(0,0,0,0,0) 


4 


(0,0,1,0,0) 


4 
15 


5 


(0,0,2,0,0) 


6 


(0,0,1,0,0) 


5 


(0,0,1,0,0) 


5 

15 


7 


(0,0,3,0,0) 


7 


(0,0,3,0,0) 


7 


(0,0,2,0,0) 


6 
15 


6 


(0,0,2,0,0) 


1 


(0,0,4,0,0) 


6 


(0,0,4,0,0) 


n 
1 

15 


8 


(0,0,3,0,0) 


8 


(0,0,3,0,0) 


8 


(0,0,3,0,0) 


8 
15 


9 


(0,0,3,0,0) 


9 


(0,0,3,0,0) 


9 


(0,0,3,0,0) 


9 
15 


11 


(0,0,2,0,0) 


16 


(0,0,4,0,0) 


11 


(0,0,4,0,0) 


10 
15 


10 


(0,0,3,0,0) 


10 


(0,0,3,0,0) 


10 


(0,0,2,0,0) 


11 
15 


12 


(0,0,2,0,0) 


11 


(0,0,1,0,0) 


12 


(0,0,1,0,0) 


12 
15 


13 


(0,0,1,0,0) 


12 


(0,0,0,0,0) 


13 


(0,0,1,0,0) 


13 
15 


14 


(0,0,0,0,0) 


13 


(0,0,0,0,0) 


14 


(0,0,0,0,0) 


14 
15 


15 


(0,0,0,0,0) 


14 


(0,0,0,0,0) 


15 


(0,0,0,0,0) 


1 


16 


(0,0,0,0,1) 


15 


(0,0,0,0,1) 


16 


(0,0,0,0,1) 



Table 2: Multiplicity vectors of the critical points of /{i,...,5,7,6,8,9,n,io,i2,...,i6}, 

/{2,...,7,1,8,9,16,10,...,15}, /{l,... ,5,7,6,8,9,11,10,12,.. .,16} : (K3) 16 -+ [0, 1] 
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a 




slicing in between 


1 

30 


s 3 


{1} and {2, . . . , 16} 


1 

10 


s 3 


{1,2} and {3, . . . , 16} 


1 

6 


s 3 


{1,2,3} and {4, . . . , 16} 


30 


s 3 

MP 3 


{2,3,4,5} and {1,6,... ,16} 
{1,2,3,4} and {5, . . . , 16} 


3 

10 


L(4,l) 
L(3,l) 
MP 3 


{1,...,5} and {6, . . . , 16} 
{2,..., 6} and {1,7,..., 16} 
{1,2,3,5,6} and {4, 7, . . . , 16} 


11 
30 


C 3 

o 3 


{2,..., 7} and {1,8,..., 16} 
{1,...,5,7} and {6, 8,..., 16} 


13 
30 


s 3 


{1, . . . , 7} and {8, . . . , 16} 


1 
2 


T 3 


{!,..., 8} and {9, . . . , 16} 



Table 3: Topological types of slicings of (K3)iq. Here E 3 denotes the Poincare 
homology sphere, C 3 the cube space and O 3 the octahedron space. 



Besides the symmetrical slicings of Table [3] we found a number of other 
3-dimensional spherical space forms like the truncated cube space, the prism 
space P(3) or the lens space L(5, 1) as well as some orientable flat manifolds. 
Triangulations of such spaces were found in [21]. These can be used for 
comparison by bistellar flips. □ 

Combinatorial Morse analysis on (i^ 4 ) 16 

In this section we will use the field F := ¥2 because the Kummer variety 
has 2-torsion in the homology, see Equation (1.1). Since (-KT 4 )i6 is not a 
combinatorial manifold we cannot apply critical point theory as easily as 
for the K3 surface. The reason is that now all vertex links are distinct 
from combinatorial 3-spheres. This implies that duality does no longer hold. 
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Moreover it has the following consequence somehow against our intuition 
about Morse theory: Slicings below a non-critical point do not necessarily 
have to be homeomorphic to the ones above the same non-critical point. 
Moreover, (K 4 )^ is not a tight triangulation. A tight triangulation of a 
simply connected space (manifold or not) must be 3-neighborly but (-^ 4 )i6 is 
not because of f 2 = 400 < (g 6 ). In particular not all rsl-functions are perfect 
functions. 

From the F 2 -Betti numbers b = 1, b\ — 0, b 2 = 11, b 3 = 5, 6 4 = 1 of 
the Kummer variety we expect that any rsl-functions has 18 or more critical 
points, counted with multiplicity. The question is whether there is a perfect 
rsl-function on this triangulation which in addition fits the symmetry of the 
complex. This would be an excellent candidate for visualizing the space 
(K a )iq by various 3-dimensional slicings. 

Proposition 5.6. As slicings associated with perfect functions on (K 4 )i 6 we 
obtain at least the manifolds 

MP 3 ,MP 3 #MP 3 ,MP 3 #MP 3 #MP 3 ,,S 2 x 5 1 #MP 3 #MP 3 

and the 3-torus. 

Proof. There is the following perfect rsl-function /n .,16} given by 
/{W6}:(^ 4 )i6^[0,l]; i^^. 

As we already know, the first and the last slicing represent the link of the 
vertex 1 (or 16, resp.) and are, therefore, combinatorial real projective 3- 
spaces. Furthermore, the middle slicing fZ 16 i(|) is homeomorphic to the 
3-torus which is more or less immediate from the construction of (i^ 4 )i6 as 
the 4-torus modulo the central involution. The other slicings are connected 
sums of MP 3 and S 2 x S 1 . They are listed in Table HJ the multiplicity vectors 
are shown in Table |5j 
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level of /{i,...,i6} 


type 


slicing in between 


1 

30 


MP 3 


{1} and {2,..., 16} 


1 

10 


RP 3 #MP 3 


{1,2} and {3, . . . , 16} 


1 
6 


RP 3 #MP 3 #MP 3 


{1,...,3} and {4, . . . , 16} 


7 

30 


(S 2 x S 1 )#2(MP 3 ) 


{1,...,4} and {5, . . . , 16} 


1 
2 


T 3 


{1,...,8} and {9, . . . , 16} 



Table 4: Slicings of {K 4 ) w by the perfect and symmetric rsl-function /{i,...,^} 



An example of an rsl-function which is not a perfect function is the func- 
tion 

/{1 ) 4,6,2,3,5,7,...,16} : (K 4 )l6 -> [0, 1] . 

This admits an empty triangle on one side leading to a critical point of 
index 1. In fact /{i,4,6,2,3,5,7,...,i6} has precisely 20 critical points, counted with 
multiplicity, see Table |5j □ 
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£ 

J{1,. 


.,16} 






/{1,4,6,2,3,5,7,...,16} 


level 


V 


m( 


V, 




V 


m(-u,F 2 ) 





1 


(1,0 





0,0) 


1 


(1, 


0,0,0,0) 


I 

15 


2 


(0,0 





0,0) 


4 


(o. 


0,0,0,0) 


2 

15 


3 


(0,0 





0,0) 


6 


(0. 


1,0,0,0) 


Q 
O 

15 


4 


(0,0 


1 


0,0) 


2 


(0. 


0,1,0,0) 


4 
15 


5 


(0,0 





0,0) 


3 


(0. 


0,1,0,0) 


o 
15 


6 


(0,0 


1 


0,0) 


5 


(0. 


0,1,0,0) 


15 


7 


(0,0 


1 


0,0) 


7 


(0. 


0,1,0,0) 


15 


8 


(0,0 


1 


1,0) 


8 


(0. 


0,1,1,0) 


Q 
O 

15 


9 


(0,0 





0,0) 


9 


(0. 


0,0,0,0) 


9 
15 


10 


(0,0 


1 


0,0) 


10 


(0 


0,1,0,0) 


10 

15 


11 


(0,0 


1 


0,0) 


11 


(0 


0,1,0,0) 


11 

15 


12 


(0,0 


1 


1,0) 


12 


(0 


0,1,1,0) 


12 
15 


13 


(0,0 


1 


0,0) 


13 


(0,0,1,0,0) 


13 
15 


14 


(0,0 


1 


1,0) 


14 


(0,0,1,1,0) 


14 
15 


15 


(0,0 


1 


1,0) 


15 


(0,0,1,1,0) 


1 


16 


(0,0 


1 


1,1) 


16 


(0,0,1,1,1) 



Table 5: Multiplicity vectors of two rsl-functions /{i,...,i6} and /{i,4,6,2,3,5,7,...,i6} 
on(K% 6 



6 Further Results 

In each of the 16 steps of the dilatation process for the Kummer variety we 
have the choice between two orientations. Consequently for the resulting 
non-singular manifold at the end there are a number of different topological 
types which are possible. One can describe these by the intersection form. 

Proposition 6.1. One can construct some combinatorial ^-manifolds realiz- 
ing any of the intersection forms of rank 22 and signature 2n, n E {0, . . . , 8} 
from the triangulated 4- dimensional Kummer variety K 4 by 16 simplicial 
blowups, except for 19(CP 2 )#3(-CP 2 ) and, possibly, 11(S 2 x S 2 ). 

Proof. The case n = 8 was already treated in Section HI In this case the 
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orientation was uniquely determined in every step by the one in the first 
step. Therefore the construction is essentially unique (up to the orientation 
in the first blowup) and leads to the K3 surface. In particular the manifold 
19(CP 2 )#3(-CP 2 ) cannot be obtained in this way. 

The signature of an even intersection form of a simply connected PL 4- 
manifold is divisible by 16 by Rohlin's Thm., cf. [10]. It follows that for 
n £ {1, . . . , 7} we have an odd intersection form. In these cases the manifold 
is homeomorphic to 

k(CP 2 )#l(-CP 2 ) 

where k — I = ±2n, n G {1, . . . , 7} and k + I = 22. In the case n = 
the construction is not unique: The pattern of the orientations of all 16 
blowups is not determined since there are 8 positive and 8 negative blowups 
distributed arbitrarily in K A . An odd intersection form was obtained by one 
particular sequence. This leads to the manifold 11(CP 2 )#11(— CP 2 ). □ 

The question whether or not the manifold ll(5' 2 xS' 2 ) can also be obtained 
by this construction remains open at this point. It must also be left open 
whether or not any of the other manifolds with a 22-dimensional second 
homology admits a triangulation with only 16 vertices. By [201 Thm.4.9] 
such a 16-vertex triangulation would have to be 3-neighborly and would, by 
the Dehn-Sommerville equations, have the same /-vector as (K3)iq and, thus, 
would give a solution to Problem [1] in the introduction. Further experiments 
in this direction could possibly produce such an example. This is still work 
in progress. 

In the case of 10 vertices and x = 4 the combinatorial data corresponds 
to three topological types of simply connected 4-manifolds, namely S 2 x S 2 , 
CP 2 #CP 2 and CP 2 #(-CP 2 ). These would be candidates for a solution to 
Problem |2j However, it was shown in [21] that in fact none of the topological 
manifolds above has a combinatorial triangulation with only 10 vertices. 

More details of the combinatorial processes described above are available 
from http: //www. igt .uni-stuttgart . de/LstDif f geo/Spreer/k3. More- 
over, most of the algorithms used to compute simplicial blowups and mul- 
tiplicity vectors of rsl-functions are planned to be available soon within the 
GAP-package simpcomp [7], maintained by Effenberger and the first author. 

Acknowledgement: This work was partially supported by the Deutsche 
Forschungsgemeinschaft (DFG) under the grant Ku 1203/5-2. 
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